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ABSTRACT 
A sufficient condition for free interpolation i  the Lumer's Nevanlinna class in the unit ball of C n is 
given in term of existence of pluriharmonic majorants. 
1. INTRODUCTION AND STATEMENTS OF RESULTS 
Let In be the unit ball in C n and a = {ak}k>/l a sequence of points in ]~n- In the case 
n = 1, we will denote by ~ the unit disc in C. For a space of holomorphic functions 
X, we say that a is a free interpolating sequence for X if the restriction of X to a is 
an ideal space, i.e., Xla is stable under multiplication by a bounded sequence (see 
[6]). More precisely, we have the following 
Definition 1. Let X be a space of holomorphic functions in ]~n. A sequence a = 
{ak}k>~l is said to be free interpolating for X ifXla is an ideal, i.e., {COkCtk}g ~ Xla 
for every {~k}~ 6 X La and every bounded sequence {wk}k. 
It is useful to note that if X is an algebra containing the constants then Xla is an 
ideal if and only ife ~ C Xla (see [5, Remark 1.1]). For instance, when X = H ~ (D), 
the free interpolating problem coincides with the classical interpolation problem 
by bounded functions for which interpolating sequences have been characterized 
MSC: Primary 32A36; secondary 30H05 
Key words and phrases: free interpolation, Lumer's Nevanlinna class, pluriharmonic majorants 
E-mail: duongngocson@gmail.com (D.N. Son). 
447 
completely by Carleson [2] (see also [4] for an exposition and related problems). 
The Nevanlinna class N(D) in the unit disc is the set of all holomorphic functions 
f such that 
27£ 
sup f log+lf(rei°)ldO < -q-oc, 
0<r<l d 
0 
where log + I f l = max(log If  I, 0). By the subharmonicity of log + I f I, the condition 
above is the same as the condition that log+lfl admits a harmonic majorant. In [5], 
interpolating sequences for the Nevanlinna class in the unit disc are characterized 
completely in terms of the existence of harmonic majorants of certain functions. 
Let A be a Blaschke sequence in the unit disc (i.e. a sequence which satisfies the 
Blaschke condition y~.~A(1 -- I;,I) < +c~). One can define the Blaschke product 
BA = ]-L.eA bz, where 
I~1 ~-  z 
bx-  
~- 1-)~z 
Let 
~0A (Z)= { ~og IBA\{X} (~.)1-1 ifz =)~ ~ A, 
ifz ~ A. 
The following result was proved in [5]. 
Theorem 2 [5, Theorem 1.2]. Let A be a sequence in D. The following statements 
are equivalent: 
(a) A is a free interpolating sequence for the Nevanlinna class N. 
(b) The trace space is given by 
NIA = {(a~)x: 3h 6 Har+(D) such thath()Q >~ log+lazl, 3. c A}. 
(c) ¢PA admits a harmonic majorant. 
Motivated by this theorem, we will consider a similar problem in higher dimen- 
sion (i.e., in the unit ball of C"). We define Lumer's Nevanlinna class LN(Bn) to 
consist of all holomorphic function f such that log + I f l  admits a pluriharmonic 
majorant. Obviously, LN(Bn) is a subclass of N(Bn), containing all Lumer's Hardy 
spaces LH p. On the other hand, every f E LN(]~n) has the same zeros as some 
bounded holomorphic function (see [7, p. 146]). Thus in the case n > 1, LN(~n) 
cannot be compared with the usual Hardy spaces H p. 
To state our result, let us consider the automorphisms of the ball. It is well known 
that for any w ~ Bn we can find an automorphism q~w which exchanges w and 0. It 
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is uniquely determined up to composition with a unitary transformation. Therefore, 
the function [~Ow I is well defined. More precisely (see [7, p. 25]), 
Define 
where 
I~w (z)  l z = 1 - 
(1 -Iwl2)(1 -Iz[ 2) 
l1 -~-z l  2 
- log 18/,L if z = a/`, 
q)a(z) = 0 i fz ¢ {ak}/`)j, 
8/` = 8/`(a) = l--I [qOaj(ak)l- 
j:j#k 
Note that in the one dimensional case, kOo~(z)[ = [bw(z)[, our function is just the 
function ~o^ defined in [5]. The main result of  this paper is: 
Theorem 3. Let a = {ak}/`)l be a discrete sequence in the unit ball ~n of Cn" 
Consider the following statements: 
(i) a is a free interpolating sequence for LN (I~n). 
(ii) The trace space is given by 
L N la = ~. L N :'~- I { Ck } k ) l : ~lt E P H + (~n ) such that log+lckl ~< u(a/`)}. 
(iii) ~Oa dmits a pluriharmonic majorant. 
Then (iii) implies (i), (i) and (ii) are equivalent. Moreover, (i) does not imply (iii). 
Here, we denote by PH+(I~n) the set of all positive pluriharmonic functions 
on ~n. 
2. PROOF 
We need the following lemma which is an analogue of a result from Garnett [3] in 
one dimension. 
Lemma 4. Let a = {ak}k~>l be a discrete sequence in ~n. Assume that 8k > O for 
all k. Then for a sequence {wk}/`~>l of complex numbers atisfying 
where C is a constant, there is a function f ~ n~(~n)  that interpolates {Wk}k)l 
(i.e., f(ak) = wk). 
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Proof. We will follow the lines in the proofofBerndtsson [1, Theorem 2]. Namely, 
(~aj (ak)" (baj (Z) 1 - lakl2~4W(ak, Z)I-I Fk(Z)= 1--Ek.Z/ 
j#k 
where W((, z) is chosen later. We will show that the functions Fk satisfy: 
(i) F~(ak) = 1, Fk(aj) = 0 for j ~ k. 
(ii) ~k  [w~Fk(z)l < M < +o0 for all z eBn. 
Clearly Fk satisfies (i). In order to prove (ii), we will compute explicitly the 
constants involved in estimates in Berndtsson's proof. Firstly, we have, 
1 (1-ia l ) 4 
Ifk(z)l~<~ i1~1 IW(ak,z)l. 
It follows from (1) that 
( 1-1akl2 ) 4 
(2) IwkFk(z)l <~CS~ i i_- -~(zl  IW(ak,z)l. 
As in [1 ], we shall take 
W(('z)=exp-~m (~'-I-Ztm'Z--am-- Z 
Then 
1 -I-am. ('~ (1 -laml2)(1 - [ ( I  2) 
1- -am ( )  - l -~' l -~m-(i  i 
1 - lain • zl 2 (1 - laml2)(1 -- lakl 2) 
IW((' z)l = exp-  )--~ ]-1 -- ~m zl 2 -1---- I-~m- ~ 17 
m 
x[expZ(1-1aml2)(1-lakl2)] 
m ] i~mm :akl2 " 
We claim that the last factor is bounded by e/3~. Indeed, 
I~bak (am)12 =1 - (1 - laml2)(1 - lakl  2) I1 --'~m "akl 2 ' 
and by the inequality 1 - x ~< exp(-x) we have 
exp-E  (1 -]aml2)(1 - lakl  2) 1 ~ 
I] ZTmm:~l 7 >l-e I-I WPam(ak)12=--'e 
m m:m~k 
Hence the claim follows. Therefore 
e 1 - lam'z l  2 (1 - laml2)(1 - lak l  2) 
IW(ak, z)l <~ ~--~k2 exp-- Z I-l--- ~mm" Zl2 1 ~ I-~m -a-kk ~ " 
m 
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We can assume that {ak}k~>l is arranged so that {lakl}k is non-decreasing. Now we 
use 
Lemma 5 [1, Lemma6]. 1flare[ ~ ]akl then 
l+l~m.Zl 2 1 1 -  laml 2 
1 - lain • akl 2 8 1 - [ak" Z[ 2" 
From Lemma 5 we get 
e 1 1-[ak[ 2 (1 --lam[2) 2 
]W(ak, z)[ ~< -~ exp m~> k ~k 8 1 ~-~ ]-a-k - Zl2 I I - -am'Zt2" 
Lemma 6 [1, Lemma 7]. Let h(t) = min(1, t-2). Then 
( 1 -  [am12 2) 
(!--[akl2~2lW(ak,Z)[~ Ch E( [1  Ctm.Z[) " 
11 - ak" z l /  \m>/k 
From Lemma 6 and (2) we get 
IwkFk(z)l <~ Cckh(Z cm ), 
"rn>/k " 
where 
ck= l i -a , .z l J  
Then (ii) follows from the following 
Lemma 7 [1, p. 6]. Let h(t) be a positive non-increasing function on (0, +oo) and 
let ck >~ O, ~Z=l ck < +oo.  Then 
o~ 
Oo 
k~lCkh(m~>~kCm) ~ f h(t) dt" 
= 0 
The proof is complete. [] 
Proof of Theorem 3. (iii)~(i). Assume that ¢Pa(Z) ~ g(Z) where u is a positive 
pluriharmonic function. Clearly, 
8 3 >>. exp(--3u(ak)) = lexp(-G(z))l, 
where G(z) is a holomorphic function on ~n such that 9~G(z) -- 3u(z). Then for a 
bounded sequence {otl,}~>~l we have 
[akexp(--G(ak))l ~ C~ 3. 
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By Lemma 4, there is a bounded holomorphic function F on ~n such that 
F(ak) = ak exp(-G(ak)). 
Now if we put 
H(z) = F(z) exp(G(z)) 
then H(ak) = Otk, i.e., H interpolates the values {ot~}~ on a. Moreover, 
log+lg(z)l ~< log+[f(z)l + 9tG(z) <~ log+l[Fll~ + 3u(z). 
Therefore H • LN(Bn). 
(i) =~ (ii). It follows from the definition of LN(~n) that 
LN(~n)la C {{ck}k)l: 3U • PH(B)  such that log + Ickl ~< u(ak)}. 
To show that in fact equality holds, take {w~ }k~>l in the right hand side, then 
[wk[ ~< exp(u(ak))= lexp(v(ak))[ 
for some holomorphic function v. Therefore, {wkexp(--v(ak))} is a bounded 
sequence. Since a is free interpolating, there is f • LN(~n) such that 
f (ak ) = wk exp(-v(ak)). 
Put g = f exp(v) then clearly g(ak) = w~. Moreover, 
log Igl = loglfl + u. 
Since f E LN(~n) and u is a positive pluriharmonic function, it follows that g • 
LN(]~n). Hence {Wk}k~>l • LN(]~n). 
(ii) =* (i). Since LN(~n) is an algebra containing all constants, it suffices to show 
that e~ C eLN. But this condition is obvious. 
(i) does not imply (iii). This follows directly from the following 
Lemma 8 [ 1, Theorem 4]. For any ~ > 0 there is an interpolating sequence for 
HeC(Bn), (aj)j, such that 
Oo 
Z(1-  lajl2)n-" = +00. 
j=l 
Obviously, an interpolating sequence for H ~ (l~n) is a free interpolating sequence 
for LN(I~n). For a sequence as above, we have for any z • ll~,, 
Z (1 -laj l2)(1 - Iz l  2) 1 -[z[ 2 
j=l i l~j J -~2 ~ 2" Z(lj=l -- laj[2) = +~x~. 
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Therefore, taking z = a~, 
H I~baj (ak)12 = 0" 
j:j¢k 
This implies 8k = 0. [] 
Remark 9. One can consider the class HM(]~n) of holomorphic functions f 
such that log Ifl admits a pluriharmonic majorant. This is precisely the class of 
holomorphic functions whose zeros are the same as the zeros of bounded functions. 
Condition (iii) in Theorem 3 also ensures that the sequence a is free interpolating 
for HM(Bn). In this case, the trace space will be 
HMIa = {{ck}~>~l: 3uC PH(I~n), log Ickl ~ u(ak)]. 
In fact, for a pluriharmonic function u on Bn, let Hu be the class of all holomorphic 
functions f such that log Ifl <~ C1 + C2u on Bn for some constants C1, C2. 
Following the proof above, we can prove that if ~Oa <~ C3 + C4u for some constants 
C3, C4 then a is a free interpolating sequence for Hu. 
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